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Existence positive periodic solution of functional differential equation 
 
 
                                                       Strictly as per the compliance and regulations of :  

 

x′(t) = a(t)g(x(h1(t)))x(t)− f
(
t, x(h2(t)),

∫ 0

−ς
k(v)x(t− v)dv, x′(h3(t)),∫ 0

−ς̂
k̂(v)x′(t− v)dv

)
x(t),

where x(t) = (x1(t), . . . , xn(t))
T , g(x(h1(t))) = diag

(
g1(x1(h11(t))), . . . , gn(xn(h1n(t)))

)
,

a(t) = diag(a1(t), . . . , an(t)), f
(
t, x(h2(t)),

∫ 0
−ς k(v)x(t − v)dv, x′(h3(t)),

∫ 0
−ς̂ k̂(v)x

′(t −
v)dv

)
= diag

(
f1(t, x(h2(t)),

∫ 0
−ς k(v)x(t− v)dv, x′(h3(t)),

∫ 0
−ς̂ k̂(v)x

′(t− v)dv), . . . ,

fn(t, x(h2(t)),
∫ 0
−ς k(v)x(t−v)dv, x′(h3(t)),

∫ 0
−ς̂ k̂(v)x

′(t−v)dv)
)T
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I. INTRODUCTION

x′(t) = a(t)g(x(h1(t)))x(t)− f
(
t, x(h2(t)),

∫ 0

−ς
k(v)x(t− v)dv, x′(h3(t)),∫ 0

−ς̂
k̂(v)x′(t− v)dv

)
x(t),

where x(t) = (x1(t), . . . , xn(t))
T , g(x(h1(t))) = diag

(
g1(x1(h11(t))), . . . , gn(xn(h1n(t)))

)
,

a(t) = diag(a1(t), . . . , an(t)), f
(
t, x(h2(t)),

∫ 0
−ς k(v)x(t − v)dv, x′(h3(t)),

∫ 0
−ς̂ k̂(v)x

′(t −
v)dv

)
= diag

(
f1(t, x(h2(t)),

∫ 0
−ς k(v)x(t− v)dv, x′(h3(t)),

∫ 0
−ς̂ k̂(v)x

′(t− v)dv), . . . ,

fn(t, x(h2(t)),
∫ 0
−ς k(v)x(t−v)dv, x′(h3(t)),

∫ 0
−ς̂ k̂(v)x

′(t−v)dv)
)T

are periodic functions.

The theory of differential systems have developed by mathematicians (see [1-5]). In this
paper, we consider the following system

x′(t) = a(t)g(x(h1(t)))x(t)− f
(
t, x(h2(t)),

∫ 0

−ς

k(v)x(t− v)dv, x′(h3(t)),∫ 0

−ς̂

k̂(v)x′(t− v)dv
)
x(t), (1.1)

where

(H1) ai (i = 1, . . . , n) ∈ C(R, [0,+∞)) are T -periodic and there exists t1 ∈ (0, T ) such that
ai(t1) > 0;

(H2) h1i (i = 1, . . . , n) ∈ C(R,R) are p1T -periodic, h2i (i = 1, . . . , n) ∈ C(R,R) are p2T -
periodic and h3i (i = 1, . . . , n) ∈ C(R,R) are p3T -periodic;

(H3) gi ∈ C([0,∞), [0,∞)) are continuous, 0 < li ≤ gi(ui) < Li <∞ for all ui > 0, li, Li are
two positive constants. There exist positive constant Li such that

∣∣gi(ui) − gi(vi)
∣∣ ≤

Li|ui − vi|.
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Existence positive periodic solution of functional differential equation

(H4) fi ∈ C(R × [0,∞) × [0,∞) × [0,∞) × R × R, [0,∞)) are continuous functions. There
exist positive functions αij(t) < +∞, βij(t) < +∞, such that

fi

(
t, u,

∫ 0

−ς

k(v)u(t− v)dv, u′,
∫ 0

−ς̂

k̂(v)u′(t− v)dv
)

−fi
(
t, v,

∫ 0

−ς

k(v)v(t− v)dv, v′,
∫ 0

−ς̂

k̂(v)v′(t− v)dv
)

≤
n∑

j=1

αij(t)|ui − vi|+
n∑

j=1

βij(t)|u′
i − v′i|.

Throughout this paper, a function is called ω-periodic(ω > 0)meaning ω is the least
positive periodic of the function. Since p is the least positive rational number such that p

p0
,

p
p1
, p

p2
and p

p3
are the positive integers, pT = ω is the least positive period of the periodic

solutions of Eq.(1.1). System (1.1) contains many mathematical population models of delay

differential equations [see(1-3,5,8-12)].

In order to obtain the existence of a periodic solution of system (1.1), we then make the
following preparations:

Let E be a Banach space and K be a cone in E. The semi-order induced by the cone K
is denoted by ”≤”. That is, x ≤ y if and only if y − x ∈ K.

Let E, F be two Banach spaces and D ⊂ E, a continuous and bounded map Φ : Ω̄→ F is
called k-set contractive if for any bounded set S ⊂ D we have

αF(Φ(S)) ≤ kαE(S).

Φ is called strict-set-contractive if it is k-set-contractive for some 0 ≤ k < 1.
The following lemma cited from Ref. [10,11] which is useful for the proof of our main

results of this paper.

Lemma 2.1. [6, 7] Let K be a cone of the real Banach space X and Kr,R = {x ∈ K|r ≤
||x|| ≤ R} with R > r > 0. Suppose that Φ : Kr,R → K is strict-set-contractive such that one
of the following two conditions is satisfied:

(i) Φx � x, ∀x ∈ K, ||x|| = r and Φx � x, ∀x ∈ K, ||x|| = R.

(ii) Φx � x, ∀x ∈ K, ||x|| = r and Φx � x, ∀x ∈ K, ||x|| = R.

Then Φ has at least one fixed point in Kr,R.

II. PRELIMINARIES

Remark 2.1. Completely continuous operators are 0-set-contractive.

In order to apply Lemma 2.1 to system (1.1), we consider the Banach space

C 0
ω = {x(t) = (x1(t), . . . , xn(t))|x(t) ∈ C 0(R,Rn), x(t+ ω) = x(t), t ∈ R}

with the norm defined by ‖x‖ =
n∑

i=1

|xi|0, where |xi|0 = max
t∈[0,ω]

{xi(t)}, i = 1, . . . , n and

C1
ω = {x(t) = (x1(t), . . . , xn(t))|x(t) ∈ C1(R,Rn), x(t+ ω) = x(t), t ∈ R}

[8]
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with the norm defined by‖x‖1 =
n∑

i=1

|xi|1,, where |xi|1 = max{|xi|0, |x′
i|0},i = 1, . . . , n . Then

C0
ω, C

1
ω are all Banach space.

Let the map Φ = (Φ1, . . . ,Φn) be defined by

(Φx)(t) =

∫ t+ω

t

G(t, s)f
(
s, x(h2(s)),

∫ 0

−ς

k(v)x(s− v)dv, x′(h3(s)),∫ 0

−ς̂

k̂(v)x′(s− v)dv
)
x(s) ds (2.1)

for x ∈ C1
ω, t ∈ R, where

G(t, s) = diag
(
G1(t, s), . . . , Gn(t, s)

)
,

Gi(t, s) =
e−

∫ s
t ai(θ)gi(xi(h1i(θ)) dθ

1− e−
∫ ω
0 ai(θ)gi(xi(h1i(θ)) dθ

, s ∈ [t, t+ ω], i = 1, . . . , n.

It is easy to see that G(t+ ω, s+ ω) = G(t, s) and

∂G(t, s)

∂t
= a(t)g(x(h1(t)))G(t, s),

G(t+ ω, s+ ω) = G(t, s),

G(t, t+ ω)−G(t, t) = −I,
σLi
i

1− σLi
i

≤ Gi(t, s) ≤ 1

1− σli
i

, s ∈ [t, t+ ω],

where σi = e−
∫ ω
0 ai(θ) dθ.

Define the cone K in X by

K =
{
x
∣∣∣x ∈ C1

ω, xi(t) ≥ δi|xi|1, t ∈ [0, ω], i = 1, . . . , n
}
,

where 0 < δ < I, δ = diag(δ1, . . . , δn), δi =
σLi
i (1− σli

i )

1− σLi
i

.

Let

ξ1i = min

{
inf
t∈R

{
(σli

i − 1) + ai(t)gi(xi(h1i(t)))
}
, inf
t∈R

{1− σLi
i

σLi
i

− ai(t)gi(xi(h1i(t)))
}}

;

ξ2i = max

{
sup
t∈R

{
(σli

i − 1) + ai(t)gi(xi(h1i(t)))
}
, sup

t∈R

{1− σLi
i

σLi
i

− ai(t)gi(xi(h1i(t)))
}}

.

(H5) 0 < ξ1i ≤ ξ2i ≤ 1, i = 1, . . . , n.

Lemma 2.2. Assume that (H1)− (H5) hold, then Φ maps K into K.

Proof. For any x ∈ K, it is clear that Φx ∈ C(R,R), we have

(Φx)(t+ ω) =

∫ t+ω

t

G(t, s)f
(
s, x(h2(s)),

∫ 0

−ς

k(v)x(s− v)dv, x′(h3(s)),∫ 0

−ς̂

k̂(v)x′(s− v)dv
)
x(s) ds

Existence positive periodic solution of functional differential equation
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Notes

=

∫ t+ω

t

G(t+ ω, u+ ω)f
(
u+ ω, x(h2(u+ ω)),

∫ 0

−ς

k(v)x(u+ ω − v)dv,

x′(h3(u+ ω)),

∫ 0

−ς̂

k̂(v)x′(u+ ω − v)dv
)
x(u+ ω) ds

=

∫ t+ω

t

G(t, u)f
(
u, x(h2(u)),

∫ 0

−ς

k(v)x(u− v)dv,

x′(h3(u)),

∫ 0

−ς̂

k̂(v)x′(u− v)dv
)
x(u) ds

= (Φx)(t).

Thus, (Φx)(t+ ω) = (Φx)(t), t ∈ R. So Φx ∈ X. For x ∈ K, t ∈ [0, ω], we have

|Φixi|0 ≤ 1

1− σli
i

(∫ t+ω

t

fi

(
s, x(h2(s)),

∫ 0

−ς

k(v)x(s− v)dv, x′(h3(s)),∫ 0

−ς̂

k̂(v)x′(s− v)dv
)
xi(s)ds

)
, i = 1, . . . , n

and

(Φixi)(t) ≥ σLi
i

1− σLi
i

(∫ t+ω

t

fi

(
s, x(h2(s)),

∫ 0

−ς

k(v)x(s− v)dv, x′(h3(s)),∫ 0

−ς̂

k̂(v)x′(s− v)dv
)
xi(s)ds

)
, i = 1, . . . , n.

So we have (Φixi)(t) ≥ δi|Φixi|0.
If (Φixi)

′(t) ≥ 0, then

(Φixi)
′(t) = Gi(t, t+ ω)fi

(
t+ ω, x(h2(t+ ω)),

∫ 0

−ς

k(v)x(t+ ω − v)dv,

x′(h3(t+ ω)),

∫ 0

−ς̂

k̂(v)x′(t+ ω − v)dv
)
xi(t+ ω)−Gi(t, t)fi

(
t, x(h2(t)),∫ 0

−ς

k(v)x(t− v)dv, x′(h3(t)),

∫ 0

−ς̂

k̂(v)x′(t− v)dv
)
xi(t)

+ai(t)gi(xi(h1i(t)))(Φixi)(t)

= −fi
(
t, x(h2(t)),

∫ 0

−ς

k(v)x(t− v)dv, x′(h3(t)),

∫ 0

−ς̂

k̂(v)x′(t− v)dv
)
xi(t)

+ai(t)gi(xi(h1i(t)))(Φixi)(t)

≤
(
(σli

i − 1) + ai(t)gi(xi(h1i(t)))
)
(Φxi)(t) ≤ (Φixi)(t), i = 1, . . . , n. (2.2)

On the other hand, from (2.2), if (Φix)
′(t) < 0, then

−(Φixi)
′(t) = fi

(
t, x(h2(t)),

∫ 0

−ς

k(v)x(t− v)dv, x′(h3(t)),

∫ 0

−ς̂

k̂(v)x′(t− v)dv
)
xi(t)

−ai(t)gi(xi(h1i(t)))(Φixi)(t)

≤
(1− σLi

i

σLi
i

− ai(t)gi(xi(h1i(t)))
)
(Φixi)(t) ≤ (Φixi)(t), i = 1, . . . , n. (2.3)

Hence, Φx ∈ K. The proof of Lemma 2.2 is complete.

Existence positive periodic solution of functional differential equation
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For convenience in the following discussion, we introduce the following notations:

max
t∈[0,ω]

{ai(t)} := aMi ,

max
t∈[0,ω]u∈B(0,R)

fi

(
s, u,

∫ 0

−ς

k(v)u(s− v)dv, u′,
∫ 0

−ς̂

k̂(v)u′(s− v)dv
)
:= θi.

Lemma 2.3. Assume that (H1) − (H5), and

(
R max

t∈[0,ω]

{ n∑
i=1

βi(t)

})
< 1 hold, then Φ :

K
⋂

Ω̄R → K is strict-set-contractive, where ΩR = {x ∈ C1
ω : |x|1 < R}.

Proof. It is easy to see that Φ is continuous and bounded. Now we prove that αC1
ω
(Φ(S)) ≤(

R max
t∈[0,ω]

{ n∑
i=1

βi(t)

})
αC1

ω
(S) for any bounded set S ⊂ Ω̄R. Let η = αC1

ω
(S). Then, for

any positive number ε <

(
R max

t∈[0,ω]

{ n∑
i=1

βi(t)

})
η, there is a finite family of subsets {Si}

satisfying S =
⋃

i Si with diam(Si) ≤ η + ε. Therefore

‖xi − y‖1 ≤ η + ε for any x, y ∈ Si. (2.4)

As S and Si are precompact in C 0
ω, it follows that there is a finite family of subsets {Sij} of

Si such that Si =
⋃

j Sij and

‖x− y‖ ≤ ε for any x, y ∈ Sij. (2.5)

Let S ⊂ K be an arbitrary open bounded set in K, then there exists a number R > 0
such that ‖x‖ < R for any x = (x1, . . . , xn)

T ∈ S. In fact, for any x ∈ S and t ∈ [0, ω], we

have

|(Φixi)(t)| =

∣∣∣∣ ∫ t+ω

t

Gi(t, s)xi(s)fi

(
s, x(h2(s)),

∫ 0

−ς

k(v)x(s− v)dv, x′(h3(s)),∫ 0

−ς̂

k̂(v)x′(s− v)dv
)
ds

∣∣∣∣
≤ 1

1− σli
i

∫ t+ω

t

xi(s)fi

(
s, x(h2(s)),

∫ 0

−ς

k(v)x(s− v)dv, x′(h3(s)),∫ 0

̂
k̂(v)x′(s− v)dv

)
ds

ς

≤ Rω

1− σli
i

max
t∈[0,ω]ui∈B(0,R)

fi

(
s, u,

∫ 0

−ς

k(v)u(s− v)dv, u′,∫ 0

−ς̂

k̂(v)u′(s− v)dv
))

=
θiRω

1− σli
i

, i = 1, . . . , n

   

and

|(Φixi)
′(t)| =

∣∣∣∣− fi

(
t, x(h2(t)),

∫ 0

−ς

k(v)x(t− v)dv, x′(h3(t)),

∫ 0

−ς̂

k̂(v)x′(t− v)dv
)
xi(t)

Existence positive periodic solution of functional differential equation
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+ai(t)gi(xi(h1i(t)))(Φixi)(t)

∣∣∣∣
≤ ξ2i

θiRω

1− σli
i

, i = 1, . . . , n.

Hence

‖Φx‖ ≤
n∑

i=1

Hi

and

‖(Φx)′‖ ≤
n∑

i=1

ξ2iHi.

Applying the Arzela-Ascoli Theorem, we know that Φ(S) is precompact in C0
ω. Then, there

is a finite family of subsets {Sijk} of Sij such that Sij =
⋃

k Sijk and

|(Φx)− (Φy)|0 ≤ ε for any x, y ∈ Sijk. (2.6)

From (2.4), (2.5), (2.6), (H3) and (H4), for any x, y ∈ Sijk, we obtain

|(Φixi)
′ − (Φiyi)

′|0

= max
t∈[0,ω]

{∣∣∣∣ai(t)gi(xi(h1i(t)))(Φixi)(t)− ai(t)gi(yi(h1i(t)))(Φiyi)(t)

+fi

(
t, y(h2(t)),

∫ 0

−ς

k(v)y(t− v)dv, y′(h3(t)),

∫ 0

−ς̂

k̂(v)y′(t− v)dv
)
y(t)

−fi
(
t, x(h2(t)),

∫ 0

−ς

k(v)x(t− v)dv, x′(h3(t)),

∫ 0

−ς̂

k̂(v)x′(t− v)dv
)
xi(t)

∣∣∣∣}
≤ max

t∈[0,ω]
{ai(t)L|(Φixi)(t)− (Φiyi)(t)|+ ai(t)Li|(Φixi(t)|

∣∣xi(t)− yi(t)
∣∣}

+ max
t∈[0,ω]

{∣∣∣∣xi(t)

[
fi

(
t, y(h2(t)),

∫ 0

−ς

k(v)y(t− v)dv, y′(h3(t)),

∫ 0

−ς̂

k̂(v)y′(t− v)dv
)

−fi
(
t, x(h2(t)),

∫ 0

−ς

k(v)x(t− v)dv, x′(h3(t)),

∫ 0

−ς̂

k̂(v)x′(t− v)dv
)]∣∣∣∣

+
∣∣xi(t)− yi(t)

∣∣fi(t, y(h2(t)),

∫ 0

−ς

k(v)y(t− v)dv, y′(h3(t)),

∫ 0

−ς̂

k̂(v)y′(t− v)dv
)}

≤ aMi L|(Φixi)− (Φiyi)|0 + aMi Li
θi|xi|0ω
1− σli

i

∣∣xi(t)− yi(t)
∣∣+ max

t∈[0,ω]

{
θi
∣∣xi(t)− yi(t)

∣∣}
+|xi|0

( n∑
i=1

αi(t)
∣∣xi − yi

∣∣
0
+

n∑
i=1

βi(t)
∣∣x′

i − y′i
∣∣
1

)

≤
(
aMi L+ aMi Li

θi|xi|0ω
1− σli

i

+ θi + |xi|0αi(t)

)
ε+ |xi|0βi(t)

(
η + ε

)
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≤
(
aMi L+ aMi Li

θi|xi|0ω
1− σli

i

+ θi + |xi|0αi(t) + |xi|0βi(t)

)
ε+ |xi|0βi(t)η, i = 1, . . . , n. (2.7)

From (2.6) and (2.7), for any x, y ∈ Sijk, we have

‖Φx− Φy‖1
≤

(
aMi L+ max

1≤i≤n

{ n∑
i=1

aMi Li
θ1ω

1− σli
i

}
+

n∑
i=1

θi +R max
t∈[0,ω]

{ n∑
i=1

αi(t)

}

+R max
t∈[0,ω]

{ n∑
i=1

βi(t)

})
ε+R max

t∈[0,ω]

{ n∑
i=1

βi(t)

}
η.

As ε is arbitrary small, it follows that

αC1
ω
(Φ(S)) ≤

(
R max

t∈[0,ω]

{ n∑
i=1

βi(t)

})
αC1

ω
(S).

Therefore, Φ is strict-set-contractive. The proof of Lemma 2.3 is complete.

For convenience in the following discussion, we introduce the following notations:⎧⎪⎪⎪⎨⎪⎪⎪⎩
lim
u→0

supmaxt∈[0,ω]
fi

(
t,u,

∫ 0
−ς k(v)u(t−v)dv,u′,

∫ 0
−ς̂ k̂(v)u

′(t−v)dv

)
∑n

i=1 ui+
∑n

i=1 u
′
i

= f 0
i ,

lim
u→∞

inf mint∈[0,ω]
fi

(
t,u,

∫ 0
−ς k(v)u(t−v)dv,u′,

∫ 0
−ς̂ k̂(v)u

′(t−v)dv

)
∑n

i=1 ui+
∑n

i=1 u
′
i

= f∞
i .

(2.8)

III. MAIN RESULT

Our main result of this paper is as follows:

Theorem 3.1. Assume that (H1) − (H5) hold, then system (1.3) has at least one positive
ω-periodic solution.

Proof. According (2.8), for any

0 < ε < min

{
1

2
,
1

4
min
1≤i≤n

f∞
i

}
,

there exist positive numbers r0 < R0 such that for i = 1, . . . , n,

fi

(
t, u,

∫ 0

−ς

k(v)u(t− v)dv, u′,
∫ 0

−ς̂

k̂(v)u′(t− v)dv
)

<
(
f 0
i + ε

)( n∑
i=1

ui +
n∑

i=1

u′
i

)
for 0 <

n∑
i=1

|ui|1 < r0

and

fi

(
t, u,

∫ 0

−ς

k(v)u(t− v)dv, u′,
∫ 0

−ς̂

k̂(v)u′(t− v)dv
)
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>
(
f∞
i − ε

)( n∑
i=1

ui +
n∑

i=1

u′
i

)
for

n∑
i=1

|ui|1 > R0

Let

R = max

{(
min
1≤i≤n

{2σLi
i ω

(
f∞
i − ε

)
1− σLi

i

δ2i

})−1

, min
1≤i≤n

{
δ−1
i

}
R0

}
and

0 < r < min
1≤i≤n

{
1− σli

i

2ω
(
f 0
i + ε

)δi, r0}.
Then we have 0 < r < R. From Lemmas 2.2 and 2.3, we know that Φ is strict-set-contractive
on Kr,R. In view of Lemma 2.1, we see that if there exists x∗ ∈ K such that Φx∗ = x∗, then
x∗ is one positive ω-periodic solution of system (1.1).

First, we prove that Φx � x, ∀x ∈ K, ‖x‖1 = r. Otherwise, there exists x ∈ K, ‖x‖1 = r
such that Φx ≥ x. So ‖x‖ > 0 and Φx− x ∈ K, which implies that

(Φixi)(t)− xi(t) ≥ δi|Φixi − xi|1 ≥ 0 for any t ∈ [0, ω]. (3.1)

Moreover, for t ∈ [0, ω], we have

(Φixi)(t) =

∫ t+ω

t

Gi(t, s)xi(s)fi

(
s, x(h2(s)),

∫ 0

−ς

k(v)x(s− v)dv,

x′(h3(s)),

∫ 0

−ς̂

k̂(v)x′(s− v)dv
)
ds

≤ 1

1− σli
i

|xi|0
[
2ω

(
f 0
i + ε

) n∑
i=1

|xi|1
]

=
2ω

(
f 0
i + ε

)
1− σli

i

|xi|0r
< δi|xi|0, i = 1, . . . , n. (3.2)

In view of (3.1) and (3.2), we have

‖x‖ ≤ ‖Φx‖ =
n∑

i=1

(Φixi)|0 < max
1≤i≤n

{
δi
}‖x‖ < ‖x‖,

which is a contradiction. Finally, we prove that Φx � x, ∀x ∈ K, ‖x‖1 = R also holds. For
this case, we only need to prove that

Φx ≮ x x ∈ K, ‖x‖1 = R.

Suppose, for the sake of contradiction, that there exists x ∈ K and ‖x‖1 = R such that
Φx < x. Thus x− Φx ∈ K \ {0}. Furthermore, for any t ∈ [0, ω], we have

x(t)− (Φx)(t) ≥ δ|x− Φx|1 > 0. (3.3)

In addition, for any t ∈ [0, ω], we find

(Φixi)(t) =

∫ t+ω

t

Gi(t, s)xi(s)fi

(
s, x(h2(s)),

∫ 0

−ς

k(v)x(s− v)dv,

Existence positive periodic solution of functional differential equation
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x′(h3(s)),

∫ 0

−ς̂

k̂(v)x′(s− v)dv
)
ds

≥ σLi
i

1− σLi
i

δi|xi|1
[
2ω

(
f∞
i − ε

) n∑
i=1

δi|xi|1
]

≥
2σLi

i ω
(
f∞
i − ε

)
1− σLi

i

δi|xi|1 min
1≤i≤n

{
δi
} n∑

i=1

|xi|1, i = 1, . . . , n. (3.4)

Thus,

‖Φx‖0 =
n∑

i=1

|(Φixi)|0 ≥
2σLi

i ω
(
f∞
i − ε

)
1− σLi

i

δi|xi|1
n∑

i=1

|xi|1

≥ min
1≤i≤n

{2σLi
i ω

(
f∞
i − ε

)
1− σLi

i

δ2i

} n∑
i=1

|xi|1
n∑

i=1

|xi|1

≥ min
1≤i≤n

{2σLi
i ω

(
f∞
i − ε

)
1− σLi

i

δ2i

}
R2 = R. (3.5)

From (3.3)− (3.5), we obtain
‖x‖ > ‖Φx‖ ≥ R,

which is a contradiction. Therefore, conditions (i) and (ii) hold. By Lemma 2.2, we see that
Φ has at least one nonzero fixed point in K. Therefore, system (1.3) has at least one positive
ω-periodic solution. The proof of Theorem 3.1 is complete.

IV. EXAMPLES

Consider the following system [8]

x′
i(t) = xi(t)

[
ai(t)−

n∑
j=1

αij(t)xj(t− τij)−
n∑

j=1

βij(t)x
′
j(t− σij)

]
, (4.1)

where ai, αij, βij (i = 1, . . . , n, j = 1, . . . , n) ∈ (
R, (0,+∞)

)
are functions with periodic ω,

τij, σij (i = 1, . . . , n, j = 1, . . . , n) ∈ [0,+∞) are constants.

Corollary 4.1. Assumed (H1)− (H5) and max1≤i≤n

{
R
∑n

j=1 βij(t)
}
< 1 hold, Eq.(4.1) has

at least one ω-periodic solution.

   

  

Proof. In this case

fi

(
t, x(h2(t)),

∫ 0

−ς

k(v)x(t− v)dv, x′(h3(t)),

∫ 0

−ς̂

k̂(v)x′(t− v)dv
)

=
n∑

j=1

αij(t)xj(t− τij) +
n∑

j=1

βij(t)x
′
j(t− σij),

gi(xi(h1(t))) = 1,

f 0
i ≤ max

1≤i≤n

{
max
t∈[0,ω]

{
αij(t)

}
+ max

t∈[0,ω]

{
βij(t)

}}
<∞, i = 1, . . . , n

Existence positive periodic solution of functional differential equation
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and

f∞
i ≤ min

1≤i≤n

{
min
t∈[0,ω]

{
αij(t)

}
+ min

t∈[0,ω]

{
βij(t)

}}
> 0, i = 1, . . . , n.

It follows from Theorem 3.1 that system (4.1) has at least one positive periodic solution. The
proof of Theorem 4.1 is complete.

Consider the following system [9]

x′
i(t) = xi(t)

[
ai(t)−

n∑
j=1

bij(t)

∫ 0

−Tij

Kij(θ)xj(t+ θ)dθ −
n∑

j=1

cij(t)

∫ 0

−T̂ij

K̂ij(θ)x
′
j(t+ θ)dθ

]
,(4.2)

where ai, bij, cij (i = 1, . . . , n, j = 1, . . . , n) ∈ (
R, (0,+∞)

)
are functions with periodic ω,

Tij, T̂ij (i = 1, . . . , n, j = 1, . . . , n) ∈ [0,+∞), Kij, K̂ij ∈ (R,R+) satisfying
∫ 0

−Tij
Kij(θ)xj(t+

θ)dθ = 1,
∫ 0

−T̂ij
K̂ij(θ)dθ = 1, i, j = 1, . . . , n.

Corollary 4.2. Assumed (H1) − (H5) and max1≤i≤n

{
R
∑n

j=1 cij(t)
}
< 1 hold, Eq.(4.1) has

at least one ω-periodic solution.

Proof. In this case

fi

(
t, x(h2(t)),

∫ 0

−ς

k(v)x(t− v)dv, x′(h3(t)),

∫ 0

−ς̂

k̂(v)x′(t− v)dv
)

=
n∑

j=1

bij(t)

∫ 0

−Tij

Kij(θ)xj(t+ θ)dθ +
n∑

j=1

cij(t)

∫ 0

−T̂ij

K̂ij(θ)x
′
j(t+ θ)dθ,

gi(xi(h1(t))) = 1,

f 0
i ≤ max

1≤i≤n

{
max
t∈[0,ω]

{
bij(t)

}
+ max

t∈[0,ω]

{
cij(t)

}}
<∞, i = 1, . . . , n

and

f∞
i ≤ min

1≤i≤n

{
min
t∈[0,ω]

{
bij(t)

}
+ min

t∈[0,ω]

{
cij(t)

}}
> 0, i = 1, . . . , n.

It follows from Theorem 3.1 that system (4.1) has at least one positive periodic solution. The
proof of Theorem 4.1 is complete.

[1] A. Wan, D. Jiang, Existence of positive periodic solutions for functional differential
equations, Kyushu J.Math. 56(1)(2002) 193-202.

[2] A. Wan, D. Jiang, X. Xu, A new existence theory for positive periodic solutions to
functional differential equations, Comput. Math. Appl. 47(2004) 1257-1262.

[3] D. Jiang, B. Zhang, Positive periodic solutions of functional differential equations and
population models, Electron. J. Differential Equation 71(2002) 1-13.

REFERENCES  RÉFÉRENCES REFERENCIAS

[4] Y. Li, Existence and global attractivity of a positive periodic solution fo a class of delay
differential equation, Sci. China Ser. A 41(1998) 273-284.

Existence positive periodic solution of functional differential equation



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Notes

  
G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
II

Is
su

e 
  
  
er

sio
n

I
V 

II
  

 F
)

)

© 2012 Global Journals Inc.  (US)

11

        

20
12

  
eb
ru
ar
y

F

[5] Wang. H, Positive periodic solutions of functional differential equations, J. Differential
Equation 202(2004) 354-366.

[6] N.P. Các, J.A Gatica, Fixed point theorems for mappings in ordered Banach space, J.
Math. Anal. Appl. 71(1979) 547-557.

[7] D. Guo, Positive solutions of nonlinear operator equations and its applications to non-
linear integral equations, Adv. Mtath. 13 (1984) 294-310(in chinese).

[8] Y.K. Li, On a periodic neutral delay Lotka-Volterra system, Nonlinear Anal. 39 (2000)
767-778.

[9] Y. Li, Positive periodic solutions of periodic neutral Lotka-Volterra system with dis-
tributed delays, Chaos, Solitons and Fractals. 2006, IN PRESS.

[10] Z. Yang, J. Cao, Positive periodic solutions of neutral Lotka-Volterra system with peri-
odic delays, Comput. Math. Appl. 149 (2004) 661-687.

[11] G. Liu, J. Yan, Positive periodic solutions for a neutral delay Lotka-Volterra system.
Nonlinear Anal. 67 (2007) 2642-2653.

[12] Z. Liu, L. Chen, Periodic solution of neutral LotkaCVolterra system with periodic delays,
J. Math. Anal.Appl. 324(2006) 435-451.

[13] Y. Li, Positive periodic solutions of periodic neutral Lotka-Volterra system with state
dependent delays, J. Math. Anal.Appl. 330 (2007) 1347-1362.

[14] Y. Li, Positive periodic solutions of discrete Lotka-Volterra competition systems with
state dependent and distributed delays, Mathe. Compu,190(2007) 526-531.

Existence positive periodic solution of functional differential equation



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  
G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
II

Is
su

e 
  
  
er

sio
n

I
V 

II

©  2012 Global Journals Inc.  (US)

  
 F
)

)

12

  

   20
12

  
eb
ru
ar
y

F

Notes

This page is intentionally left blank 

Existence positive periodic solution of functional differential equation


	Existence positive periodic solution of functional differentialequation
	Author

	Keywords
	I. INTRODUCTION
	II. PRELIMINARIES
	III. MAIN RESULT
	IV. EXAMPLES
	REFERENCES RÉFÉRENCES REFERENCIAS

