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Abstract - The paper is concerned with functional differential equation
0

2'(t) = a(t)glz(hi(t)))=(t) —f(t,ff(hz(t)),/_ k(v)a(t —v)dv, 2’ (hs(t)),
0/\
/ k(v)x’(t—v)dv)m(t),

where z(t) = (z1(t), . (t))Tag(w(hl(t)))—diag(gl(ff?l(hn())) gn(z ( ()))),
a(t) = diag(ar(t), . <>> 7 (taha(t)), [, k(o tw)dv P (halt D [k -
v)dv) —dzag(fl(t,:n ), [° k()a(t — v)dv, @/ (hs (1)), [*R()a!(t — v)d )
Faltsa(ha(t)), [, k(v)a(t—v)dv, 2/ (hy(t), [ R(v)2! (t— v)dv))Tare periodic functions.
Keywords  Periodic solution; Functional differential equation; Fixed point: Cone.

[.  INTRODUCTION

The theory of differential systems have developed by mathematicians (see [1-5]). In this
paper, we consider the following system

PO = altlglaa®)e(t) - f(talia®), | K)ot - jdv.a'(ha(o)
/E(v)m'(t—v)dv>x(t), (1.1)
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where

(Hy) a;(i=1,...,n) € C(R,[0,+00)) are T-periodic and there exists ¢; € (0,7) such that
ai(tl) > O,

(Hy) hyi(i = 1,...,n) € C(R,R) are p;T-periodic, hy; (i = 1,...,n) € C(R,R) are pT-
periodic and hg; (i = 1,...,n) € C(R,R) are psT-periodic;

(Hs) g; € C([0,00),[0,00)) are continuous, 0 < I; < g;(u;) < L; < oo for all u; > 0, l;, L; are [
two positive constants. There exist positive constant IL; such that ‘ gi(u;) — gi(vi)| <

equations, Kyushu J.Math. 56(1)(2002) 193-202.
[5] Wang. H, Positive periodic solutions of functional differential equations, J. Differential

[1] A. Wan, D. Jiang, Existence of positive periodic solutions for functional differential
Equation 202(2004) 354-366.
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(Hy) fi € C(R x [0,00) x [0,00) x [0,00) x R x R, [0,00)) are continuous functions. There
exist positive functions a;;(t) < 400, §;;(t) < 400, such that

0

i, /0 k(o)u(t — v)dv, o, / Ry (1~ v)do)

—< —<

0

it /0 k(o) (t — v)do, o, / R/t v)dv)

—< —<

Throughout this paper, a function is called w-periodic(w > 0)meaning w is the least
positive periodic of the function. Since p is the least positive rational number such that p%,
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p%’ p% and p% are the positive integers, pT" = w is the least positive period of the periodic

solutions of Eq.(1.1). System (1.1) contains many mathematical population models of delay
differential equations [see(1-3,5,8-12)].

H

[1. PRELIMINARIES

In order to obtain the existence of a periodic solution of system (1.1), we then make the
following preparations:

Let E be a Banach space and K be a cone in E. The semi-order induced by the cone K
is denoted by ”"<”. That is, x < y if and only if y — z € K.

Let E, F be two Banach spaces and D C E, a continuous and bounded map ® : Q — F is
called k-set contractive if for any bounded set S C D we have

ax(®(8)) < kag(S).

® is called strict-set-contractive if it is k-set-contractive for some 0 < k < 1.
The following lemma cited from Ref. [10,11] which is useful for the proof of our main
results of this paper.

Lemma 2.1. [6,7] Let K be a cone of the real Banach space X and K, p = {x € K|r <
l|z|| < R} with R > r > 0. Suppose that ® : K, p — K is strict-set-contractive such that one
of the following two conditions is satisfied:
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(1) Pz Lz, VreK,|z||=r and Pz # z, Ve K, ||z||=R.
(i1) Pz #x, Ve e K, ||z||=r and Pz £z, Vze K, |z||=R.
Then ® has at least one fized point in K, g.

Remark 2.1. Completely continuous operators are 0-set-contractive.

Global Journal of Science

In order to apply Lemma 2.1 to system (1.1), we consider the Banach space

COl={zt) = (21(t),...,2,(1))|x(t) € COR,R"), 2(t + w) = z(t), t € R}

B with the norm defined by ||z|| = Z |zi]o, where |z;|o = max {x;(t)}, i =1,...,n and

telo
P €l0.]

Cl={x(t) = (21(t),...,2,(t))|z(t) € CHR,R™), z(t + w) = x(t), t € R}

'22-192 (0007) 6€ ‘TRUY IesUIUON ‘TOISAS RIIOOA-BY107] AR[op [eljnou orpouod © u() ‘U7 “M'A [8]
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Notes

with the norm defined by ||z||; = Z |zi|1,, where |x;|; = max{|z:|o, |z}|o},i = 1,...,n . Then
i=1
CY, CL are all Banach space.
Let the map & = (®4,...,P,) be defined by

0

(Px)(t) = /t wG(t,s)f(s,:c(hQ(s)),/ k(v)z(s —v)dv, 2’ (hs(s)),

/_(;E(v)x’(s — v)dv)a:(s) ds (2.1)

for z € C!,t € R, where

G(t,s) = diag(Gl(t, 8), ..., Gplt, 3)),
e J; ai(0)gi(xi(h15(0)) dO

Gilts) = 1 — e Jo ai(®)gi(wi(h1:(9)) 0’ s€l

tt+w),i=1,...,n.

It is easy to see that G(t + w, s + w) = G(t,s) and

% = a(t)g(z(hi(t)))G(t, s),

G(t+w,s+w)=G(t,s),
Gt t+w) — Gt t) = —I,

L;

o
: <Git78 S )
1—UZ~Li_ (t,s) 1—0,5"

s € [t t+ w],
where g; = ¢ o @i(®)dé
Define the cone K in X by
K= {x(:c €O, 2y(t) > 6lwily, te[0,w],i=1,... n}

L; I
Li(] — gl
where 0 < 6 < I, § = diag(éy, ..., 5,), 6 = 20 L —01)

Let B JiLi
£1; = min { inf {(af." —1)+ ai(t>gi<xi(h1i(t)))}7 inf { 1 ;;{” - ai(t)gi(xi(hli(tm}};
&y = max { 2161}1; {(af - 1)+ ai(t)gi($i(h1i(t)))}v St’lelg { ! ;;(jfi - az(t)gz(ﬂfz(hll<t)))}}

(H5) 0<&; <& <1i=1,...,n.
Lemma 2.2. Assume that (Hy) — (Hs) hold, then ® maps K into K.
Proof. For any x € K, it is clear that &z € C(R, R), we have

t+w 0
(Pz)(t+w) = /t G(t,s)f<s,a:(h2(s)),/ k(v)z(s —v)dv, 2’ (hs(s)),

—<

/0 k(v)2!(s — v)dv)x(s) ds

—<

© 2012 Global Journals Inc. (US)
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Thus, (Pz)(t +w) =

and

0

/tt+w Gt +w,u+ w)f(U + w, z(ha(u + w)), / k(v)x(u+ w — v)dv,

—<

' (h3(u + w)), /(;/k\(v)m'(u +w— v)dv)x(u +w)ds

/tt+w G(t, u)f(u,x(hz(u)), /0 k(v)z(u — v)do,

—<

2’ (hs(u)), /—ZE(UW,(U - v)dv)x(u) ds

= (Qx)(t).
(Pz)(t),t € R. So Pz € X. For z € K,t € [0,w], we have
t+w 0
oty < ([ A (seathate). [ KOhels — ohde (5,

(ixi)(t)

>

3

ol

7 —<

/_0 kv)a(s - “)dv> iEi(S)ds>, i=1,....n

1—

/.

([ sttt [ Koits - ot

a;

~

k(v)a'(s — U)dU) xi(s)ds), i=1,..., n.

So we have (®;x;)(t) > 6;|P;x;o.
If (q)l.fz)/(t) Z O, then

(i)' (t)

Gyt t +w)f (t +w, z(ha(t +w)), /0 k(v)z(t +w — v)dv,

' (ha(t + w)), / k() (t+w - v)dv)xi(t Fw) = Gilt, 0, (t, 2(ha(t)),

+az

< (o =1 +ar

" k(©)(t = v)dv, 2 (ha(1), /
(g (s

~5i(t.

+a;(t)gi(zi(h1i(t))) (Pizi)(t)

w(hs

0

E(o)e'(t — v)dv) (1)

—<

(@) (t)

/ D)a(t — v)dv, 2/ (hs(t)). / i%(v)aﬂ(t—v)dv)xi(t)
) (

)

—<

Z(hh(t)))>(<ba:i)(t) < (@) (t),i=1,...,n. (2.2)

gi(x
On the other hand, from (2.2), if (®;2)'(t) < 0, then

(@) (1) = filt 2 a(®), [ Kot~ oo, 2 (hs(), /

0

k(v)2!(t — U)dU) z;(t)

—<

—a;(t)gi(i(h1i(t)))(Pizi) (1)

< (

1—o0;
L;

a.

7

L;

— = ai(t)gi(a:i(hu(t))))(@ixi)(t) < (Pizy)(t),i=1,...,n. (2.3)

Hence, ®x € K. The proof of Lemma 2.2 is complete.

© 2012 Global Journal

Is Inc

(Us)
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For convenience in the following discussion, we introduce the following notations:

M
a. 7 = )
fél[oif]{“ (t)}=a

max fi (s, u, /
te[0,w] ue B(0,R)

—<

0 0

k(v)u(s — v)dv, o/, /A/k\:(v)u’(s — v)dv) = 0;.

—<

Lemma 2.3. Assume that (Hy) — (H;), and (R max {ZBZ }) < 1 hold, then & :

te[0,w]

Notes

_ =1
KN Qg — K is strict-set-contractive, where Qr = {z € C} : |z|; < R}.

(e}
—
o
[a\}
~~
=
=)
"0
(a5

Proof. It is easy to see that ® is continuous and bounded. Now we prove that ac1 (®(5)) <

te[0,w]

max i 0@1 or any bounded set C Qn. Let n = Q¢ . en, lor
R ﬁ fi bounded S Qr. L 1(5). Th fi

any positive number € < (R max {Z Bi(t })77, there is a finite family of subsets {S;}

te[0,w]
satisfying S = [, S; with diam(S;) <7+ e. Therefore

|lzi —ylls <n+e forany z,y €9, (2.4)

As S and S; are precompact in C2, it follows that there is a finite family of subsets {S;;} of
S; such that S; = Uj Si; and

|z —y|| <e forany z,y € 5. (2.5)

Let S C K be an arbitrary open bounded set in K, then there exists a number R > 0
such that ||z|| < R for any = (21,...,2,)T € S. In fact, for any z € S and t € [0,w], we

Global Journal of Science Frontier Research (F ) Volume XII Issue II Version I

have
(D) ‘/ Gt )z (3) (s, 2(hafs)) /_ik(v)m(s—U)dv,x'(hy,(s)),
/_(;/]{\?(U).T,(S - v)dv) ds
1 _10? /ttf () f; (s, 2 (hs(s)), /_i k(v)x(s —v)dv, 2’ (hs(s)),
/Ojf\(v)x'(s - v)dv) ds
< ; ]jw:ff tem,w}r%;ae)%(oﬂ) fi (s, u, /_i k(v)u(s —v)dv, o/,
/_eiﬁ\(v)u/<8—v)dv>> :%,izl,...,n 0
and

E(v)a'(t — 'U)dU) (1)

© 2012 Global Journals Inc. (US)



+a;i(t) gi(wi(h1i(t))) (i) ()
QiRw
1—ob’ '

7

< &u =1,...,n

Hence

1oz]| <> H;
i=1 Notes

and

February 2012

@2y <3 €
i=1
n Applying the Arzela-Ascoli Theorem, we know that ®(S) is precompact in C°. Then, there
is a finite family of subsets {S;;i} of S;; such that S;; = J,. Sijr and
[(Pz) — (Py)|o < e for anyx,y € Sjjp. (2.6)
From (2.4), (2.5), (2.6), (H3) and (H,), for any =,y € S;jx, we obtain
|[(®iz:)" — (Piyi)'lo

= mex { a;(t)gi(zi(h1i(t)))(Pixi) (t) — ai(t)gi(yi(hai(t))) (Pivi) (¢)

+fi (t,y(hg(t)),/

—<

—fi (t,x(hg(t)),/

—<

0 0

(e = o)y (haft), |

—<

R0}y (t = v)dv)y (1)

0 0

k(v)z(t —v)dv, 2’ (hs(t)), / k()2 (t — v)dv) xl(t)H

< tg&z}{ai(tﬂl(@m)(ﬂ — (Pays) (1)] + as ()L (Poa (1) |2s(t) — wi(B)[}

0 0

+ max {
tel0,w]

~1(tathate). [

—S

) |4 (1 a0, [

—<

)yt~ v)de, (ha(0), |

—<

E(v)y’(t - v)dv)

0 0

k(v)a(t — v)do, 2/ (hs(1)), / )

—<

E(v)a'(t — v)dv)] ‘

0

Global Journal of Science Frontier Research (F ) Volume XII Issue II Version I

k@t = et [ R/ (e )}

—<

o) = w0 (1 (et [

—<
9i|xi\0w

< M L|(@i) — (@ag)lo + aVL vi(t) — i(0)] + max {ei\w) - yz-<t>}}

1 — gll.i tel0,w]
H +‘xi|0<zai(t)‘xi_yi‘o"i‘Zﬁi(t)‘I;_yg‘l)
i—1 i—1

92' iloWw
< (awa + CLf\/[ILZ 1|JI |0[i —+ 91 + ’%400@(25))8 + ‘l‘zyoﬁl@) (77 + 8)

)

© 2012 Global Journals Inc. (US)



O3] zilow .
— 0‘7'

From (2.6) and (2.7), for any z,y € S;j, we have

[®z — Dylly
0w
< M M 1
Notes < ( L+E§§1{Za IL }+ _19 —I—Rtglgmz)(]{z:al }
+Rt133§{261 })€+Rtg}g§]{;ﬂi(ﬂ}n-

As € is arbitrary small, it follows that

aca(#(5) < (R { Z ()} ) acs(5).

Therefore, ® is strict-set-contractive. The proof of Lemma 2.3 is complete.

For convenience in the following discussion, we introduce the following notations:

it fi (t,u,f,og k(v)u(tw)dv,u'J%E(v)“’“*”)d“) 0
1M sup maXgefo . n o — e
20 P t€[0,w] Zi:l ui""Zi:l y (28)
lim inf I (t,u,fi k(v)u(tw)dv,u',ffe%)“'“*“)d“)

im inf min w - @'OO-
U—00 tel0.w] POIIETIE D SR

I1I.  MAIN RESULT

Our main result of this paper is as follows:

Theorem 3.1. Assume that (Hy) — (Hs) hold, then system (1.3) has at least one positive
w-periodic solution.

Proof. According (2.8), for any

: {1 L }
0<e<ming =, - min [,

2’ 41<i<n”’

there exist positive numbers rqg < Ry such that for i =1,... n,

fi (t, u, /_0 E(v)u(t —v)dv,/, /i@(u)u'(t — v)dv)

< —<
(S Sa) o< Sl
i=1 i=1 =1

and

fi (t, u, /O E(v)u(t —v)dv,/, /A%(v)u’(t — v)dv)

—<

© 2012 Global Journals Inc. (US)
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n

> (e _5)(Zui+2u§> for Z|ul|1 > Ry
=1 =1

i=1

20w (fi‘x’ - 5) -1
R = max ( min { i 512}) , min {5;1}}30
1<i<n 1—ol 1<i<n

and
{ 1—ol Notes
2w

0<r< min{q—————0;, 7"0}.
(#2+¢)

1<i<n
Then we have 0 < r < R. From Lemmas 2.2 and 2.3, we know that & is strict-set-contractive
on K, r. In view of Lemma 2.1, we see that if there exists 2* € K such that ®2* = 2, then
x* is one positive w-periodic solution of system (1.1).
First, we prove that ®z # =, Vo € K, ||z|; = r. Otherwise, there exists z € K, ||z|j, =7
such that ®x > x. So ||z|| > 0 and ®z — = € K, which implies that

Let

February 2012

Moreover, for t € [0,w], we have
0

@)= [ Gttt i athats)). [ bwyels — v

—<

—<

z'(hs(s)), /O k(v)2'(s — v)dv) ds

1 n
1-o i=1
2w<fi0 —|—5)
e
< 5i|xi|0; 1=1,...,n. (32)

In view of (3.1) and (3.2), we have

n

lzll < @] = (i)l < max {4}l < =]

i=1
which is a contradiction. Finally, we prove that ®x £ x, Vo € K, |lz|; = R also holds. For

this case, we only need to prove that

Or £ zeK, x|, =R.

Global Journal of Science Frontier Research (F ) Volume XII Issue II Version I

Suppose, for the sake of contradiction, that there exists x € K and ||z||; = R such that
$x < z. Thus x — ¢z € K \ {0}. Furthermore, for any ¢ € [0,w], we have

z(t) — (Px)(t) > o|lx — x|y > 0. (3.3)
In addition, for any ¢ € [0,w], we find
(@e:)(t) = /t Gt () (5.2 (ha(s)), | H)ats — e,

© 2012 Global Journals Inc. (US)



2’ (hs(s)), /OA/k\:(v)x’(s — v)dv) ds

—<
n

L;

o
> —— |y 2w<i°°—8) 5¢£Ci}
Ll \1{ f ;:1 |2y

%

QJiLiw<fi°° - 6) n
> |2 mi . -
> ok 5z|x2|111%1i1%1n{51}i21|xz|1, i1=1,...,n. (3.4)
Notes
Thus,
n 20?%( > —€> n
IPxllo = > [(@izi)lo > e Silzili ) il
i=1 —0; i=1
ZUZ-L’w( >0 5) , n n
> mi .
i S PN
st )
> min{ —=0; tR* =R (3.5)
1<i<n 1—o/"

From (3.3) — (3.5), we obtain
]| > [|®z]] > R,

which is a contradiction. Therefore, conditions (i) and (i7) hold. By Lemma 2.2, we see that
® has at least one nonzero fixed point in K. Therefore, system (1.3) has at least one positive
w-periodic solution. The proof of Theorem 3.1 is complete.

IV.  EXAMPLES

Consider the following system [§]

20 = 100 |oit) = S a0t - 7 Zﬁm (0=, (@)

where a;, a;;, ﬁ” (2 =1,....,n,5=1,...,n) € (]R, (O,+oo)) are functions with periodic w
Tij, 04 (i =1,...,n, j = 1 ,n) € [0,+00) are constants.

Corollary 4.1. Assumed (H,) — (Hs) and maxi<;<, { R > i1 Bi;(t)} <1 hold, Eq.(4.1) has

at least one w-periodic solution.

Proof. In this case

fltatiao), [

= i au(t);(t — 7i5) + iﬁz‘j(t)x}(t — i),
gi(wi(ha(t))) =1,
f? < max { max {O‘w( )} + max {BZ]( )}} <oo,i=1,...,n

1<i<n | te]0,w] te[0,w]

0

k(v)z(t — v)dv,x'(hg(t)),/ k(v)a!

—<

© 2012 Global Journals Inc. (US)
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and

1<i<n | tel0w te[0,w]

/2° < min { min}{aij(t)} + min {Bw(t)}} >0,i=1,...,n

It follows from Theorem 3.1 that system (4.1) has at least one positive periodic solution. The
proof of Theorem 4.1 is complete.

Consider the following system [9]

. . . Not
)[ai(t)—Zbij(t) /_ K (0)(t+ 000 - Zc,j / Ryt + 00w

Th(t) = (¢

February 2012

where a;, b;j, ¢;;j(i =1,...,n,j =1,...,n) € (R (0 —l—oo)) are functions with periodic
Ty, Ty (i=1,...,n,j=1,...,n) € [0,4+00), K;j, Ki; € (R, R") satisfying [* T, Q)xj(t—i—
8) 9:1,‘[77/; z'j 9)d‘9:1, i,jzl,...,n.

=
H

Corollary 4.2. Assumed (H,) — (Hs) and max,<j<, {R > i cij(t)} < 1 hold, Eq.(4.1) has
at least one w-periodic solution.

Proof. In this case

ﬁ@wwd))/

—<

— wa / Ky (0)2;(t +6) d9+2% / Kij(0)7,(t + 0)do,
gi(l’z‘(hl( ) =1,
f? < max { max {bij(t)} + max {cij(t)}} <oo, i=1,...,n

1<i<n | te[ow] te[0,w]

0

k()@—vﬂvxma>>/’a> u—vmﬁ

and

1<i<n | t€[0,w te0,w]

f < min { mln} {bm(t)} 4+ min {Clj(t)}} > 0, 1= 1, oo
It follows from Theorem 3.1 that system (4.1) has at least one positive periodic solution. The

proof of Theorem 4.1 is complete.
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